Damping ͑or growth͒ rates of a typical realization, mean-field and high-order correlation functions of a passive scalar ͑e.g., a number density of particles͒ advected by a linear velocity fields are estimated. It is shown that all statistical moments higher than the first moment and a typical realization of a passive scalar without an external pumping decay for both laminar and random incompressible linear velocity fields. Strong compressibility of a laminar linear velocity field can result in a growth of a typical realization and the high-order moments of a passive scalar. It is demonstrated that for a laminar compressible linear velocity field the flux of particles from the infinity does not vanish and the total number of particles is not conserved. For a random compressible linear velocity field a typical realization decays whereas the high-order moments of a passive scalar can grow. Comparison of the obtained results with those for dynamics of a passive scalar advected by a homogeneous isotropic and compressible turbulent flow with a given longitudinal two-point correlation function Fϭ1Ϫr 2 is performed ͑where r is the distance between two points measured in the units of the maximum scale of turbulent motions͒.
I. INTRODUCTION
Fluctuations of a passive scalar advected by a turbulent velocity field were studied in a number of publications ͑see, e.g., Refs. ͓1-7͔, and references therein͒ starting from the seminal paper by Kraichnan ͓8͔ where the equation for the second-order correlation function of a passive scalar in the ␦-correlated time approximation for a random incompressible velocity field was derived. Recently a model of linear velocity field was used to study a turbulent transport of a passive scalar ͑see, e.g., Refs. ͓5,9͔, and references therein͒. Employment of this simple model makes it possible to perform calculations in a closed form for a passive scalar. Note that a model of a linear velocity field can be viewed as ͑i͒ an expansion in Taylor series of the velocity field in a local frame of reference moving with a fluid element and ͑ii͒ a real flow field in an infinite space ͑e.g., similar to the Hubble flow in cosmology͒.
In this study we analyzed some peculiar aspects of a transport of a passive scalar in a linear velocity field. In particular, we studied the Cauchy problem for a passive scalar in both laminar and random linear velocity fields. It is shown that a spatial distribution of a passive scalar evolves either into a thin infinite ''pancake'' or into an infinite ''rope'' structure. The properties of a passive scalar are similar for laminar and random incompressible linear velocity fields. A compressibility of a fluid flow results in a nonzero flux of particles from the infinity. For strong compressibility a spatial distribution of a passive scalar evolves into a ball ͑or ellipsoid͒ with very small radius which is of the order of a molecular diffusion scale. We found that higher statistical moments can grow exponentially in spite of a decay of a typical realization of a passive scalar. Such a strange behavior of a passive scalar demonstrates that transport of a passive scalar in linear velocity field cannot be considered as a general and universal phenomenon. Comparison of the obtained results with those for dynamics of a passive scalar ͑number density of particles and particles mass concentration͒ advected by a homogeneous, isotropic, and compressible turbulent flow with a given longitudinal two-point correlation function is performed. The dynamics of magnetic field in a linear velocity field was studied in Refs. ͓10-13͔. We demonstrated that a dynamics of the passive scalar field in a linear velocity field is similar to the dynamics of a magnetic field.
II. GOVERNING EQUATIONS
The evolution of a passive scalar ͓e.g., the number density n(t,r) of small particles͔ in a compressible fluid flow is determined by the equation
with an initial condition n(tϭ0,r)ϭn 0 (r), where D is the coefficient of molecular diffusion, v is a velocity field. We consider a kinematic problem, i.e., we study the dynamics of a passive scalar in a prescribed linear velocity field v i ϭA i j x j . Any arbitrary matrix can be represented as a linear combination of a matrix with a zero trace and a unit matrix, i.e., A i j ϭC i j ϩ␦ i j (Tr A/3), where Tr CϭC ii ϭ0. Direct calculation yields
Therefore, the linear compressible velocity field can be represented as v i ϭ(C i j ϩb␦ i j /3)x j . Note that we do not consider this field as the first term in an expansion in Taylor series of the real velocity field. We also consider here only a smooth linear velocity field ͑e.g., it is not a ␦-correlated time velocity field͒. Since we study the kinematic problem we do not discuss in this section the boundary conditions for the velocity field at infinity. In a laminar steady velocity field C i j and b are time independent while in a random linear velocity field C i j ϭC i j (t) and bϭb(t). The solution of Eq. ͑1͒ is given by
where the wave vector k(t) is determined by the equation
and k 0 ϭk(tϭ0) and C T is the matrix transpose to C ͑in general it is nondiagonal and time-dependent matrix͒. Substituting Eqs. ͑2͒ and ͑3͒ into Eq. ͑1͒ we obtain
where n f (tϭ0, k 0 ) is a Fourier transformation of the initial condition n 0 (r), i.e.,
͓see Eqs. ͑2͔͒. The field n(t,r) we calculate at the vicinity r→0 ͑i.e., for v→0). Solution of Eq. ͑1͒ in the form given by Eqs. ͑2͒-͑4͒ was found in Ref.
͓10͔ for a magnetic field advected by a linear velocity field.
III. INCOMPRESSIBLE LINEAR VELOCITY FIELD
First, we consider an incompressible (bϭ0) linear velocity field. The solution of Eq. ͑4͒ for bϭ0 reads
where k(t) is given by k͑t ͒ϭexp͓ϪC T t͔k 0 ͑7͒ ͓see Eq. ͑3͔͒. For an arbitrary matrix C the matrix T ϭexp(ϪC T t) can be calculated using the Jordan representation ͑see, e.g., Refs. ͓15,16͔͒. A Jordan form of a general 3 ϫ3 matrix C with Tr Cϭ0 and the corresponding matricies T are given by
, where the matrix C (1) corresponds to a case with all different eigenvectors, the matrix C (2) describes a case with two equal eigenvalues and two independent eigenvectors, and the matrix C (3) corresponds to a case with three equal eigenvalues and one eigenvector. In all cases except for the pure rotation (c 1 ϭc 2 *) at least of one element of the matrix T grows with time. In all cases ͑except for two cases which are described by the matrix C (2) with c 1 ϭ0 or C (3) ) the growth of matrix T is exponential. The latter causes a superexponential decay of the Fourier components of the passive scalar ͑see below͒.
Indeed, let us consider a general case which is described by the matricies C
(1) and T (1) . We assume that, e.g., c 1 Ͼ0 and c 2 Ͼ0. In this case the wave vector k decays in the directions e 2 and e 3 , and it increases in the direction e 1 ͑where e 1 , e 2 and e 3 are the eigenvectors of the matrix C). Equation ͑6͒ implies that the main contribution to the integral ͐ 0 t k 2 (tЈ)dtЈ is due to the growing component k 1 (t). From the instant t which is determined by
there is a superexponential decay of the Fourier components of the passive scalar. For times which are smaller than the time t the Fourier components of the passive scalar can be considered as a constant. Equation ͑8͒ determines the range of integration in k space for the integral ͐n f (t,k 0 )exp͓ik(t)
•r͔dk 0 in Eq. ͑2͒. The evaluation of this integral yields Consider now the spatial structure of the solution n(t,r) for the passive scalar. Equation for the matrix T (1) implies that the wave vector k(t) grows in the direction e 1 and it decays in the directions e 2 and e 3 . Therefore, the spatial scale of the passive scalar field in the direction e 1 decreases up to the molecular diffusion scale
. On the other hand, the spatial scales l (2) and l (3) of the passive scalar field in the directions e 2 and e 3 increase, i.e., l (2) ϳexp(c 2 t) and l (3) ϳexp(c 1 t). Thus, e.g., if the initial spatial distribution of the passive scalar has the form of a ball, it evolves into a thin ''pancake.'' The thickness of the ''pancake'' ϳl (1) , i.e., it is determined by the molecular diffusion. Now we calculate the total number of particles N (tot) ϭ͐ndrϳn(t,rϭ0)V r ϭconst, where V r ϳV k Ϫ1 . We also estimate the higher moments of the passive scalar field ͐n p dr:
͑14͒
Equation ͑14͒ shows that the moments of the passive scalar field ͐n p dr decay when pϾ1 and they grow when pϽ1. Equation ͑14͒ for pϭ1 implies the conservation of the total number of particles.
In the case c 1 Ͼ0, c 2 Ͻ0, and c 1 ϩc 2 Ͼ0 the wave vector k(t) grows in the directions e 1 and e 2 , and it decays in the direction e 3 . This results in that the passive scalar evolves into a long ''rope.'' A similar kind of solution for a passive scalar was found in ͓14͔ and for a passive vector ͑magnetic field͒ in Refs. ͓11,12͔. Now we consider a random linear velocity field with a constant renewal time . In this case C is the random matrix. The solution of Eq. ͑3͒ is given by
where T exp͓Ϫ͐ 0 t C T (tЈ)dtЈ͔ implies the Volterra multiplicative integral or T exponent ͑see, e.g., Ref. ͓15͔͒. Note that Eq. ͑15͒ cannot be applied in a straightforward manner to a ␦-correlated time linear velocity field. We specify tϭm and take into account that T t ϭ⌸ pϭ1 m T (p) , where T (p) ϭT exp͓Ϫ͐ (pϪ1) p C T (tЈ)dtЈ͔ are the random independent matrices which have the same statistical distributions and det T (p) ϭ1. The properties of a product of random matricies are described by the Furstenberg theorem ͑see, e.g., Refs. ͓10,17-19͔͒. This theorem implies the existence of a random independent set (E 1 ,E 2 ,E 3 ) in which the diagonal elements T ␣␣ of the product of random matrices grow exponentially, i.e.,
where ␣ are Gaussian random variables, and the Lyapunov exponents ␥ ␣ satisfy the equation ␥ 1 ϩ␥ 2 ϩ␥ 3 ϭ0, and ␥ 1 Ͼ0. The random independent set (E 1 ,E 2 ,E 3 ) is determined as follows. For a given realization of the matrix T (p) there is a random number m for which the product ⌸ pϭ1 m T (p) is diagonal in the random independent set (E 1 ,E 2 ,E 3 ) with the accuracy O͓exp(Ϫam)͔, where aϾ0. The independent set (E 1 ,E 2 ,E 3 ) varies from a realization to a realization. We can apply the Furstenberg theorem to the matrix T t . Therefore Eqs. ͑13͒ and ͑14͒ after the change c i →␥ i are valid for the random linear velocity field at tӷ, i.e., n͑t,rϭ0 ͒ϰexp͓Ϫ͑ ␥ 1 ϩ␥ 2 ͒t͔,
Thus when pϾ1 the higher moments ͐n p dr decay. Therefore, the dynamics of the passive scalar in both random and laminar incompressible linear velocity fields are similar.
IV. COMPRESSIBLE LINEAR VELOCITY FIELD
Now we consider a compressible linear velocity field. In this case there is a growth of a Fourier component of the passive scalar when bϽ0. Indeed, the solution of Eq. ͑4͒ reads
where the function k(t) is given by k͑t ͒ϭexp͉͑b͉t/3͒exp͓ϪC
T t͔k 0 .
Equation ͑8͒ in this case becomes
Now we consider the case when the passive scalar evolves into a ''pancake,'' i.e., when bϽ0, c 1 Ͼ͉b͉/3, and c 2 Ͼ͉b͉/3. The volume V k (t) is given by 
͑19͒
Therefore, the evolution of a passive scalar is determined by
The higher moments of the passive scalar field ͐n p dr are given by
͑21͒
Equation ͑21͒ implies that for pϭ1 the integral ͐ndr ϰexp(͉b͉t). Thus the total number of particles is not conserved for a compressible linear velocity field. The reason for this unphysical behavior is that the obtained spatial distributions of particles ͑in the form of ''ropes'' or ''pancake''͒ imply the nonzero inflow or outflow of particles from any finite control volume. Now we consider the case when the passive scalar evolves into a ''rope,'' i.e., when bϽ0, c 1 Ͼ͉b͉/3, and c 2 Ͻ0 and c 1 ϩc 2 Ϫb/3Ͼ0. The volume V k (t) is given by
and the function n (t,rϭ0) 
Therefore the total number of particles ͐ndrϳn(t,r ϭ0)/V k (t)ϰexp(͉b͉t) is not conserved as well as in the previous case. When ͉b͉ӷ͉c i ͉ ͑in this case the passive scalar distribution evolves into a ''ball''͒ the volume
and the function n(t,rϭ0
, and the total number of particles ͐ndrϳn(t,rϭ0)/V k (t)ϰexp(͉b͉t). Now we consider a random linear compressible velocity field: v i ϭ͓C i j (t)ϩ(1/3)b(t)␦ i j ͔x j , where the matrix C i j and b are independent random processes. The solution of Eq. ͑3͒ for the wave vector is given by 
where ␤ 0 ϭ͓2 0 B(0)͔ 1/2 and ␤ is the Gaussian random process with zero mean value and a unit dispersion. Therefore the compressibility does not affect essentially the realizations of a passive scalar field. Indeed, the volume V k decreases, i.e.,
Since n(t,rϭ0)ϰn ␥ V k and n ␥ ϰexp͓␤ 0 ␤t 1/2 ͔ we obtain that
Therefore for large t the passive scalar field n(t,rϭ0) decreases. The spatial distribution of a passive scalar evolves into either a ''pancake'' or a ''rope.'' On the other hand, this field is homogeneous along a ''rope'' or inside a ''pancake.'' Therefore, the passive scalar field n(t,r) decreases also with time. Now we calculate the higher-order statistical moments
The latter equation shows that the higher-order statistical moments can grow in time in spite of the decay of a typical realization of the passive scalar field. Equation ͑29͒ implies a log-normal statistics for the passive scalar field.
V. DISCUSSION
In this study we analyzed some peculiar aspects of a transport of passive scalar in a linear laminar and random velocity fields. We demonstrated that all statistical moments higher than the first moment and a typical realization of a passive scalar decay for both laminar and random incompressible linear velocity fields. Strong compressibility of a laminar linear velocity field can result in a growth of a typical realization and of the high-order moments of a passive scalar. For strong compressibility a passive scalar distribution evolves into a ball ͑or ellipsoid͒ with very small radius which is of the order of a molecular diffusion scale. Now we will compare obtained results with those for a dynamics of a passive scalar ͓number density of particles ͑see Sec. V A͒ and particles mass concentration ͑see Sec. V B͔͒ in a homogeneous, isotropic and compressible turbulent flow with a given longitudinal two-point correlation function Fϭ1Ϫr 2 . We also will compare the obtained results with those for the dynamics of a passive vector ͑mag-netic field͒ advected by linear velocity field ͑see Sec. V C͒.
A. Dynamics of particles number density in a homogeneous, isotropic, and compressible turbulent flow
Consider first a passive scalar ͑i.e., the number density of particles͒ advected by a ␦-correlated time random velocity
field. (0), d is the dimensionality of space, u 0 is the characteristic velocity in the maximum scale of turbulent motions l 0 . The function F c (r) describes the potential component whereas F(r) corresponds to the vortical part of the turbulent velocity of particles. Consider the case with Iϭ0. We seek a solution to Eq. ͑30͒ in the form ⌽͑t,r ͒ϭ⌿͑ r ͒r
where the function is defined below. Consider threedimensional velocity field (dϭ3). Substituting Eq. ͑32͒ into Eq. ͑30͒ yields an equation for the unknown function ⌿(r): ⌿Љ/m͑r ͒Ϫ͓␥ϩU͑ r ͔͒⌿ϭ0, ͑33͒
where
, and distance r is measured in units of l 0 , time t is measured in units of 0 ϭl 0 /u 0 , and Peϭl 0 u 0 /Dӷ1 is the Peclet number. We consider a random velocity field with F(r)ϭ(1Ϫr 2 )/(1 ϩ), F c (r)ϭ(1Ϫr 2 )/(1ϩ) for 0рrр1, and F(r) ϭF c (r)ϭ0 for rϾ1, where ϭ͗("•v)
2 ͘ is the degree of compressibility. When ϭ0 the velocity field is incompressible. A solution of Eq. ͑33͒ can be obtained using an asymptotic analysis ͑see, e.g., Refs. ͓1,2,7,20͔͒. This analysis is based on the separation of scales. In particular, the solution of the Schrödinger equation ͑33͒ with a variable mass has two regions where the form of the potential U(r), mass m(r) and, therefore, eigenfunctions ⌿(r) are different. The functions ⌽ and ⌽Ј in these different regions can be matched at their boundary. Note that the most important part of the solution is localized in small scales ͑i.e., rӶ1). The results obtained by this asymptotic analysis are presented below. In region I, i.e., for 0рrр1 the function ϭ(2␦/3)m(r)r and ϭ20/(1ϩ) and 1/mϭ2(1 ϩX 2 )/Pe, where ␦ϭ(8ϩ1)/(1ϩ3), Xϭ(␤ m Pe) 1/2 r and ␤ m ϭ(1ϩ3)/3(1ϩ). The potential U(r) and the functions ⌿(r) and ⌽(r) in this region are given by
where L(X)ϭRe͕A 1 P (iX)ϩA 2 Q (iX)͖ is a real part of the complex function, P (Z) and Q (Z) are the Legendre functions with imaginary argument ZϭiX, ϭ( Ϫ3)/2(1ϩ3) 2 , ϭ␦Ϫ1ϭ5/(1ϩ3), ϭϪ1/2ϩͱ I , and
The correlation function has a global maximum at rϭ0 and therefore it satisfies the conditions ⌽Ј(rϭ0)ϭ0, and ⌽Љ(r ϭ0)Ͻ0, and ⌽(rϭ0)Ͼ͉⌽(rϾ0)͉. Condition ⌽(rϭ0) ϭ1 implies that L(Xϭ0)ϭ0 and LЈ(Xϭ0)ϭ1. The function ⌽ for XӶ1 ͓i.e., for 0рrӶPe
] is given by ⌽ϳ1 Ϫ͓(Ϫ␥)/12␤ m ͔͓X 2 ϩO(X 4 )͔. The function ⌽ for Xӷ1 ͓i.e., for Pe
Ӷrр1] is given by
for I Ͼ0, and and when rуL 0 the correlation function ⌽ϭ0. For the mode with I ϭ0 the damping rate of passive scalar fluctuations is given by
where we used Eq. ͑35͒. Now we consider the mode with I Ͼ0. Matching the functions ⌽ and ⌽Ј at the boundary between two regions ͑i.e., at rϭ1) yields the equation for I . In particular, the matching of the functions ⌽ and ⌽Ј determined by Eqs. ͑36͒ and ͑38͒ yields STRANGE BEHAVIOR OF A PASSIVE SCALAR IN A . . .
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Using Eqs. ͑35͒ and ͑40͒ we can obtain the damping rate of passive scalar fluctuations for the mode with I Ͼ0. Equation  ͑39͒ for the damping rate of fluctuations of the number density of particles is different from that obtained in a linear velocity field ͓compare with Eq. ͑29͒ for pϭ2].
B. Dynamics of particle mass concentration in a homogeneous, isotropic, and compressible turbulent flow
Now we consider the dynamics of mass concentration Aϭm p n/, where m p is the mass of particles, is the density of fluid. An equation for the evolution of the mass concentration A in a compressible turbulent fluid flow reads ‫ץ‬A/‫ץ‬tϩ͑v•"͒AϭD⌬A. ͑41͒
This equation follows from Eq. ͑1͒ and the continuity equation for a fluid:
The dynamics of mass concentration advected by a homogeneous, isotropic and compressible turbulent threedimensional velocity field with a given longitudinal twopoint correlation function Fϭ1Ϫr 2 was first studied in Ref. ͓9͔ that when dϽ4 and ͗("•v) 2 ͘/S 2 Ͼd/4 the cascade of the passive scalar A is inverse; otherwise it is direct, where (1ϩ) . This implies that the condition for the inverse cascade of the mass concentration is Ͼd/(4 Ϫd), where dϽ4. Thus, the condition for the inverse cascade of mass concentration advected by a linear random velocity field obtained in Ref. ͓9͔ is Ͼ3 ͑for threedimensional velocity field͒, and Ͼ1 ͑for two-dimensional velocity field͒. On the other hand, the condition for the similar phenomena for mass concentration advected by a homogeneous, isotropic, and compressible turbulent flow is →3. This demonstrates the difference between the dynamics of particle mass concentration in a random linear velocity field and in a homogeneous and isotropic three-dimensional turbulent flow. Now we study the dynamics of mass concentration advected by a homogeneous, isotropic, and compressible turbulent two-dimensional velocity field with a given longitudinal two-point correlation function Fϭ1Ϫr
2 . An equation for the second-order correlation function ⌽ 0 ϭ͗(x)(y)͘ of mass concentration in two-dimensional turbulent velocity field reads
where ϭAϪ͗A͘, m 0 Ϫ1 (r)ϭ(2/Pe)ϩ1ϪFϪ(rF c )Ј. We seek a solution to Eq. ͑43͒ in the form ⌽ 0 (t,r) ϭ⌿ 0 (r)r Ϫ1/2 exp͓Ϫ͐ 0 r 0 (x)dx͔exp(␥t), where the unknown function ⌿ 0 (r) is determined by the equation
2 ), and 0 (r) Matching the functions ⌽ 0 and ⌽ 0 Ј at the boundary between two regions ͑i.e., at rϭ1) yields I ϭ2k/ln(Pe), where kϭ1,2, . . . . Therefore, the damping rate of the twopoint correlation function ⌽ 0 for fluctuations of the mass concentration in two-dimensional turbulent velocity field is given by
where у1. When the degree of compressibility of the fluid flow →1 the damping rate of fluctuations of the mass concentration can be strongly reduced for large Peclet numbers. The latter implies the inverse cascade of mass concentration. On the other hand, the condition for the inverse cascade of the mass concentration advected by two-dimensional turbulent linear velocity field obtained in Ref.
͓9͔ is Ͼ1. This also demonstrates the difference between the dynamics of particles mass concentration in a random linear velocity field and in a homogeneous and isotropic two-dimensional turbulent flow. The reason for the difference between the dynamics of a passive scalar ͑number density of particles and particles mass concentration͒ in a random linear velocity field and the dynamics of a passive scalar in a homogeneous and isotropic turbulent flow with a given longitudinal two-point correlation function Fϭ1Ϫr 2 is as follows. A linear velocity field does not have a correlation radius, whereas the velocity field with the correlation function Fϭ1Ϫr 2 has a unit correlation radius. A linear velocity field can be considered as an expansion in Taylor series of the velocity field in a local frame attached to the fluid element in the form v i Ϫv i 0 ϭC i j r j . However, this expansion is local, while the dynamics of particles in a linear velocity field is not local. Indeed, all particles are carried out from any small volume during a finite time. On the other hand, particles from other locations flow into a given local volume. This outflow and inflow determine the nonlocal dynamics of particles. In addition, a linear velocity field is not homogeneous since at r→ϱ the velocity v i →ϱ. If we consider matching of the solution for a passive scalar in a linear velocity field v i Ϫv i 0 ϭC i j r j ͑which is valid for small r) with a solution for a passive scalar which vanish at the infinity, the final results can depend on the matching procedure.
C. Dynamics of a magnetic field in a linear velocity field
Now, we compare the obtained results for a passive scalar with those for the dynamics of magnetic field in a linear velocity field ͓10-13͔. The magnetic field H is determined by the induction equation
where is the magnetic diffusion. A solution of Eq. ͑46͒ is similar to the solution which is determined by Eqs. ͑2͒ and ͑3͒ ͑see Ref. ͓10͔͒. The analysis of the dynamics of magnetic field in a linear velocity field demonstrates a behavior which is similar to the dynamics of the passive scalar field: typical realization of magnetic field decays and the higher-order statistical moments ͉͐H͉ p dr can grow if pϽ p * , where a threshold p * depends on c j . The behavior of both magnetic field and passive scalar field in a random and a laminar velocity field is similar. The difference between the dynamics of a magnetic field and a passive scalar field is that, e.g., the threshold p * for a passive scalar in the incompressible linear velocity field is independent of c j , i.e., p * ϭ1. This difference is caused by that the magnetic field is a divergence-free vector field and opposite-directed magnetic field lines annihilate when they approach each other.
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